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I .  Phys. A:  Math. Gen. 21 (1994) 6403-6419. Pnnted in the UK 

Signatures of finite exceptional Lie algebra representations 

Alexander N Rudy 
Department of Mathematics, Belarussian Stale Polytechnical Academy, Scarina av., 65, 
Minsk, Republic of Belarus 

Received 13 lune 1994 

Abstract. The paper deals with the real exceptional Lie algebras of types E,, i = 6 , 7 , 8  and 
their arbitrary irreducible representations. Hermitian forms which are invariant relative to 
these representations are considered. Signature formulas for these forms are obtained. 

1. Introduction 

Let g be the simple complex Lie algebra and let g,, be any real form of inner type 
for g. Consider an irreducible representation p: g+d( V ) .  From [ 11 it follows that 
q(g,)csu(p, q).wherep+q=dim V.Let 6=p-q.So6isasignature,i.e. thedifference 
between the number of positive and negative signs in the bilinear invariant in its diagonal 
form. Furthennorep=$ (dim V f 6 )  and q=i(dim V - 6 ) .  Hence it is possible to find 
the number of linearly independent spacelike or timelike vectors in representation space. 
In [ 1-51 formulas for 6 were given in terms of the highest weight. Lie algebras of types 
GI, F4 were considered in [2] and [4]. As follows from this paper, it is possible to obtain 
simple 6 formulas in the case of real Lie algebras of types E:, i=6,7,8. 

The finite-dimensional representations which are used in theoretical physics are 
mostly low-dimensional. nevertheless the interest in general methods still grows [SI. 

2. Definitions 

Definitions used in this paper coincide with those in [4]. Let gr be the fixed compact 
real form of the algebra g and let r be the conjugation of the algebra g with respect to 
gz. Consider an involution 0 of the algebra g such that O(g,) = g7. Let U = r 0 0 =  6 0 r .  
Denote by g,, the real form of the algebra g such that U is a conjugation of the algebra 
g with respect to go. The real form go is called the real form of inner type if 0~Int(g,). 
Suppose t is a Cartan subalgebra of gT such that e ( t )  = t ,  IJ is a Cartan subalgebra of 
g such that t‘=$, R is a root system associated with the pair (g,$). Let B( ,) be a 
Killing form of g, and let ( , ) = (- 1/(2 11)’) B (  , ) be a positive definite scalar product 
on t.  Let aeR; by H. denote an element of IJ such that B(H,, H ) = a ( H )  for all HEIJ. 
Define the embedding y :  R 4  by y ( a ) = ( 2 a m )  Ha for all asR. Suppose n =  
{a l  , . . . , a,) is a set of the simple roots of R, {Hi}:=, is the basis of t such that 
( H j ,  a,) = Sj j ,  i , j =  1, . . . , r.  If 0~ Int(g,), then without loss of generality, 
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0=exp(ad(H,,,,'2)) for some io, l < i o < r  [6]. Let R' be the root system dual to R. that 
is 

Suppose W is a Weyl group of R, and P(R") is a group of weights for R' [7], where 
P(R') is generated by the elements {Hi}j31 mentioned above, Let ,I be the highest 
weight of the representation 9: g+sl(  T') and let X A  be the character of the represen- 
tation 9. According to the Weyl character formula we have A#) ,yr(U)=Ai+,,(H), 
where 

A I + , ( H )  = 1 det s e x p ( 2 s W  @(A+ p),  H ) )  
S E  w 

and 

is half the sum of the positive roots R. 
Then [6] 

where i is the number of positive roots. Denote by w , ,  i =  1, . . . , rang(g) basis represen- 
tations of the algebra g, that is 

where ak €IT, i, k =  1, . . . , rang(g). In accordance with [4] we shall call elements H I  
and H2cI) equivalent if there exists S E W  such that s(H,)-H,cP(R") and we shall 
write H,  H2(mod P(R')). 

Lemma I 141. Let a., be a real form of simple complex algebra g, 0 = 0  0 r=  
exp(ad(H,,/2)) and X L  be a character of the irreducible representation q:g-+s1 ( V ) .  
Then 

where H=H,,/2 (modP(R')). 

3. TheCa%?g=&,g,=Eu 

The Dynkin diagram for E6 is 

at a3 a4 a5 a6 
0-0-0-0-0 

I 
0 a2 
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We shall take the roots realization from [ X I ,  that is 
1 

a l = & 2 - & g  

a3 = &, - 4 

a2 =  EL - ~2 

a4 = €4 - E S  

- s+ z5 + c6+ E, - E ~ )  
(3) 

as =Q - c6 a6 = E ~  - E,. 

By symbol 

a c d e f  
b 

denote the root p=aal+ba2+ca3+da~+eaS+faa. Let R' be the set of positive roots 
P E R .  P > O .  Then 

R + = { cl - es} U [E;- E, 1 2 < i < j <  7 )  

U i&2 *tq'r E ~ +  E~ & &&, - es)l 3 " + '' sign and 3 'I - " sign}. 

Let a,, i= 1,  . . . , 6  be basis representations of E6. By symbol 

aI a, n, a5 2 6  
o-o-o---o-o 

i 
o a2 

denote the representation with the highest weight 
6 

a= a,@, 
j =  I 

The element H = i  H2 defines automorphism B=exp(ad H ) .  Then 

Furthermore 

__-  H 2 =  H1+2H,  + 2H3+ 2H4+ 2H3+2H6 = a ( ~ +  (3p -  3132)) 
2 2  

=&s0(p))&p (mod P(R')) 

where so" U/ is the reflection defined by the root 
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that is 

Hence from (2) it follows that 

From (1) it follows that 

IAp(ft(l + p ) )  I ~ 2 ' ~ C ~ ( n ( f  - l))Ea'd'X'*" when f+ 1. (6) 

Hence the limit in (4) depends on the value of card(X(2)). The value of card(X(2)) 
depends on whether A,, j =  1, . . . , 6  are even or odd. So it is necessary to con~ider2'"''~'~' 
cases to evaluate card(X(A)). 

From table 1 it follows that card(X(A))= i6  or 20 or 36. The foregoing proves the 
theorem. 

Table 1. Card(X(2.j). 9=  4. 

Representation 'I ' r, ' Card(X(1)) 

Set b I a e a e a  e o a e a  a o e o a  e e e o a  o e o o a  

Set d, a e a o e  e o a o e  o o a o o  a o e e e  a o o e o  

r, 
e e 0 0 0 

E e e 0 0 

0 0 0 0 
16 e e e e e  o e e c o  e e o e o  o e o e e  

Set .% o o a e a  e a o o a  o e e o a  o o o o e  

Set S,, a e a o o  o o o e e  a o e e o  e o a o o  o o a o e  

e e e e o  o e e e e  e e o e e  o e o e o  

e 0 0 0 

20 

Set S,, 0 0 0 0 0  36 

Symbol e(o) in the column I ,  denotes an even (odd) I , .  
Symbol a denotes any I ,  independent of whether it is even or odd, 

e 0 0 e 0 

0 0 0 0 

0 



Signatures offni te  exceptional Lie algebra representations 6407 

Theorem I .  Let g = Eo and let gG = E 11. Suppose 
6 

A= ap ,  

x ( 4 = { P I P E R + ,  ( P , k n + P ) ) E ' q  

/ = I  

is the highest weight of arbitrary representation q:  E 6 + d (  V ) .  

cA= n ( P , f ( a + p ) ) .  
B E X ( A )  

If card(X(1)) = 16, then 

CA 161 =- 
29335 (7) 

if ca.rd(X(I)) > 16, then 6 = 0. 

4. The case g = &, 9. =Em 

The automorphism B=exp(ad H )  is defined by the elements $HI or 4H6 

Lemma 2. Let , 
6 

a =  1 @J/ 
j =  I 

be the highest weight of the representation fp:E6+sl ( V )  and let X A  be the character of 
this representation. Then I~*(~H,)I=IxA(~H~)I=ISI=IX;.(~(~+W~+W~))~. 

Proox 

=f(p+ o2 + w6) (mod P(i7")) 

Then 
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From lemma 2 it follows that 

Then keeping only the lowest degree terms when f - 1  we find 

I ~ , , ( t t ( p +  w2+ w6))l~z2"62~'3~5~7(n(~- I))". 

Hence from (6) and (8) we derive 

Consider a representation 

0 0 0 0 1  
o-o-o-o-o 

I 
0 1  

of the algebra .Eb. By dim V denote the dimension of this representation. Then dim V= 
1728. q 0 = w Z + o 6 = $ ( 9 ,  1, 1, 1, 1, 1, -5,  -9) is the highest weight vector of this rep- 
resentation, where the vector is defined by its components in the basis E , ,  . . . , ea (3). 
qo and two other vectors q l=f (3 ,2 ,2 ,  -1, - 1 ,  -1, -1, -3) and q 2 =  
5(3, 1, 1, 1, 1, I ,  -5, -3) are the dominant weigbts of the representation. Using the 
results of [SI we find all weight vectors of this representation. They are w ( q i ) ,  where 
WE W, i = O ,  1,2. By dim V"', i=O. i , 2  denote the weight multiplicities. Then 
dim V g o =  1, dim Vni=4 ,  dim Vg '=  16. We have used the coset decomposition of the 
b'eyl group W with respect to the Weyl group Wsa,2) x.u(6) of a classical regular sub- 
algebra su(2) x eu(6) embedded naturally in Eb 181. Namely, 

01 a3 a4 a5 a 6  a1 a3 a4 a5 a6 o-o-o-o-o c o-o-o-o-o 
I I 
0 a2 0 a2 

I 
0 a0 

where ao=EI - E *  and the root a2 is deleted, For any E6-dominant weight vector v i  we 
find all A ,  + A5-dominant vectors w ( q , )  and the orders of their Ws.(1)x~u(6) orbits. The 
results are collected in table 2. From table 2 it follows that l,y,t+,6(i(A+p))/ =64 for 
any I such that card(X(h)) =20. In fact 

where the sum in (10) embraces all weights pi  from table 2. But 
6 

a + p =  ( a j + i ) m j  
j -  I 
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0 0 0 0 1  

I 
0 1  

Table 2. Representation o-o-o--O-o OfE',. 

q , = i ( 3 , 2 , 2 , - l ,  -1. - l , - I .  -3) .  

1(3,2.2. 2, - 1 ,  - I ,  -4, -3)  120 i ( 3 , 7 ,  1 ,  I ,  I. -5 ,  -5 ,  -3)  120 

vO=d(9, I. 1 ,  I ,  I ,  I. -5 ,  -9jdrm VR"=I dim YR'=4  

i(9,  I ,  I ,  I .  I ,  I ,  -5 ,  -9) 12 i (3 ,2 ,? .  - 1 .  - I , - I .  -1, - 3 )  30 

~ ( 7 )  i ( 3 , 7 , 7 ,  I .  - 5 ,  - 5 ,  - 5 ,  -3)  I20 ;CO, 2.2. 2, - I ,  -1. -4,O) 60 
&(3,7 , l ,  I ,  1.1, - 1 1 , - 3 )  60 4(0,5,-l, - 1 . - I , - I ,  - 1 , O )  6 
~ t 0 , 5 , 2 , - l , - l , - l , - 4 , 0 )  120 

W ( 7 )  i ( 3 ,  I ,  1 , l .  I. I ,  -5 ,  -3)  12 ~ ( 0 , 2 , 2 . - l . - I , - l , - l , O )  15 

The vectors q,. i=O, I ,  2 are E,-dominmt. The vectors w(q , )  are A, tdr dominant. 

and 

p L - m =  1 nijaj, 
j =  I 

where n , , ~ h  and a j E I I ,  j =  1, . . . , 6 .  Hence 

Thus the sum in (10) will not change if 
6 

, = I  
A= 1 A p ,  

is replaced by 
b 

;i= x jml  
j =  I 

where I,= 1 SA, is odd and I j  = O  if A, is even. Hence it is sufficient to consider a finite 
number of the representations to evaluate 

Ixam+,,(f(A+ P))l . 
For any A such that card(X(A)) = 20 we derive, using straightforward calculation, that 

ixm,+m,tf(n + P)) I  = 64. 

The foregoing proves the theorem, 

Theorem 2. Suppose g = Es , go = E 111, and 
6 

a= 1 alaj 
j =  I 

is the highest weight of arbitrary representation 9:E6+51 ( V ) .  

If card(X(A2)) = 20, then 
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If card(X(/2))=36, then 6=0. 
If card(X(2)) = 16, then 

where the sum in (12) embraces all weights p,  from table 2, and qo= 
i (9 ,  I ,  I ,  1, 1, 1. -5, -9) is the highest weight of the representation 

0 0 0 0 1  
0-0-0-0-0 

I 
0 1  

8 

/2+p= h,c, 
J F  I 

where 

h i  = g 3 &  + 61, + 61, + 9&+ 6/25 + 3& + 33) 

h2 =&a, + 4h, + 31, + 2a5 + &+ 15) 

h4=;(-a1 -2a3+ 31,+ 2&+ &+ 3) 

hs=i ( -a i  -2a3- 31,+ 2 s +  7%- 3) 

h6=$(-n, - 2a3 - 3 1 ,  - 4& + & - 9 )  

h7 =;(-al - 2/2, - 31, -42, - 5&- 15) 

hS=i(-AI + 4/23 + 31, + 2& + ?% + 9) 

h8=;(-3& - 6/22- 6/23 - 9&- 6/25 - 3%- 33). 

Using formulas (7), (11) and (12) it is possible to find 161 for any representation q, 
The values of 161 for some representations are collected in table 3. 

5. The case g = E7 

The Dynkin diagram for E7 is 

ai a3 a4 as a6 a7 
0-0-0-0-0-0 

I 
0 a1 

We shall take the roots realization from [8], that is 
I a1 =&I-&* a2 = ?(e1 -82 -&3 &4 - + &6 + + E*) a3=&6-&7 

(13) 
a4 =E5 - 8 6  as = E4 - &S a6 =E3 a a, =&2 -E ,  
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Table 3. The values of 161. s= E,. 

641 1 

Representation Representahon 
L, l a  Ed AI l a  a, a, L, a$ 
o-o-o- 0-0 161 161 o-o-o- 0-0 161 161 

I for for I for for 
0 F., dim V E11 E111 o a, dim V E11 E111 

1 0 0 0 0  
o-o-o-o-o 

I 
0 0  

0 0 0 0 0  
o-o-o-o-o 

1 
0 1  

0 1 0 0 0  
o-o-o-o-o 

0 0  
O O l O O  
o-o-o-o-o 

I 
0 0  

1 0 0 0 0  
o-o-o-o-o 

21 3 5 1 0 0 0 1  650 10 IO 
o-o-o-o-o 

I 
0 0  

18 2 14 0 0 1 0 0  105600 0 640 o-o-o-o-o 
I 
0 1  

351 9 I 1 1 0 0 0  5824 0 64 
o-o-o-o-o 

I 
0 0  

2925 35 45 2 0 0 0 0  351 15 31 
o-o-o-o-o 

I 
0 0  

1728 0 64 

By symbol 

a c d e f g  
b 

denote'theroot p = a a l + b a 2 t c a 3 + d ~ t e a ~ + f a ~ + g a ~ .  SupposeR+isaset ofpositive 
roots. Then 

R + = { E , - E ~ ~  1 < i ( j < 8 }  

U {$(cl +E2 f E )  +E4& zS f q i E, f &*)I 3 " + " sign and 4 " - " sign). 

By symbol 

I ,  a3 a, lS a, 

o a, 
0-0-0-0-0-0 

I 

denote the representation of the highest weight 
7 

j =  I 
I =  c nj0p 

Let go be any real form of the algebra g and let ;Hi, generate automorphism t?= 
exp(ad H ) .  Discussing this in the same way as previously we reduce the element $Ifio 
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to iHno (mod P(R’)) in the form i ( p +  qo). The element qo may or may not he zero. 
The results are collected in table 4. 

Let a,,= E V .  Then from (2) we derive, using table 4, that 

Furthermore 

IA,(ftp)l -2632937537(n(r- when r - I .  (15) 

The sign ‘‘2 . , . t+l” in (15) and everywhere below means that we keep only the 
lowest degree terms when t + 1 for a function considered. Thus 

IA,(ft(A+p))l d63C~(11(1-  l))ard‘x(A)) when r-1. (16) 

The limit in (14) depends on the value of card(X(?.)). From table 5 it follows that 
card(X(L))=28 or 31 or 36 or 63. The foregoing proves the theorem. 

Table 5. Cdrd(X(a)), g=€: 

Representation ” 1. ” ” Cdrd(X(2)) 

63 ‘I 

Symbol e(o) in the column A, denotes an even (odd) 2, 

‘ ‘ ’, where ” ‘ ” ‘ ES,, from table 1 n, A, 
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Thedvem 3. Let g = E7 and let go = E V. Suppose 
7 

a =  1 A,Wj 
, = I  

is the highest weight of arbitrary representation 9) :E7+d(  V ) .  

If card(X(A)) =28, then 

c d  161 =- 
Z93'S31 ' 

If card(X(A)) >28, then 6 =O. 
Let go = E VI. Then similarly 

IA,($(p+ w 2 ) )  I =2632"395472(n(t- 1))3' when t - t l .  

Furthermore from (18) and (16) it follows that 

Consider a representation 
0 0 0 0 0 0  
o-o-o-o-o-o 

I 
0 1  

of the algebra E7. Using the results of [8] we find all weight vectors of this represen- 
tation. We have used the coset decomposition of the Weyl group W with respect to the 
Weyl group Wsuc8, of a classical regular subalgebra eu(8) embedded naturally in E7 [SI. 
Namely 

al a3 a4 as a6 a7 a0 a1 a3 a4 a5 a6 a7 
0-0-0-0-0-0-0 CO-0-0-0-0-0 

I I m a2 0 a2 
where aO=.sl -c2 and the root a2 is deleted. For any E7-dominant weight vector qi we 
find all &dominant vectors w ( q J  and the order of their W..(s) orbits. The results are 
collected in table 6. Let card(X(A))=31. Then from table 6 it follows that 
Ix&@+~))l= 16. 

0 0 0 0 0 0  
o-o-o-o-o-o 

I 
0 1  

of E, Table 6. Representation 

qo=i(7,-1, -1, - I ,  - I .  - l * - l ,  -1) rj,=f(3,3. -1, - I ,  - I ,  - l , - l ,  -1) 
dim V n u = l  dim V " ' = 6  

i(7. - I .  -1. -1, - 1 ,  -1.-1,-1) 8 i ( 3 . 3 .  - I . - I .  - I ,  - l , - l , - l )  28 

i ( 3 , 3 , 3 , - l , - l , - l , - 1 , - 5 )  280 

:(I, I ,  I ,  I .  I ,  I ,  I ,  -7)  8 a([,  I ,  I ,  I ,  I ,  I ,  -3, -3)  28 
w(r f ) i (5 , l ,  Ll .1 ,  -3 ,  -3, -3 )  280 
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The foregoing proves the theorem. 

Theorern 4. Suppose g = E , ,  g ,=EVl  and ?FE&, 2 , q  is the highest weight of arbi- 
trary representation p,:E7+sl ( V ) .  

Ifcard(X(I))=31, then 

Ifcard(X(I))=36 or 63, then 6=0. 
If card(X(l)) = 28. then 

where the sum in (21) embraces all weights pt  from table 6, and 170' 
~ ( 7 ,  - 1. - 1, - 1, - 1, - 1, - 1, - 1) is the highest weight of the representation I 

0 0 0 0 0 0  o-o-o-o-o-o 
I 
0 1  

8 
k + p =  1 hicl 

I= I 

where 

h, = $(41, + 7A2 + 8A3 + 122, + 9dS + 6k6+ 3L7+ 49) 
h - i  - 4-a2 + k5+226 + M, + 5) 

h J- - I  4-a2 + as- 216- a,- 3) 

- 4(-122 - 3as - 2 k -  a7 - 7 )  

- (-a2 -4a3 -4124 - 3~ - 2a,- a, - 15) 

h - 4(-a1 t .z5 +2a6-a7+ I )  

h - I  

h 6- - ?  4(-122-4rh4-325-224-k- 11) 

h - ?  

h - 1  4 - 4 ~ ~  - 12-4a3-4h-  3a5 -2a6-a,- 19). 

Let g., = E VII. Then similarly 

Consider a representation 

1 1 0 0 0 0  o-o-o-o-o-o 
I 
0 0  
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of the algebra E , .  Discussing this as in the previous cases we find all weight vectors of 
this representation. Furthermore if card(X(1,)) = 36 then lxo, +&h+ p))  1 =4096. The 
foregoing proves the theorem. 

Theorem 5. Suppose g = E, ,  go = E VII, and 

is the highest weight of arbitrary representation 9: E7+el ( V ) .  

If card(X(d)) = 36, then 
n 

If card(X(2)) = 3 1 or 63, then 6 = 0. 
If card(X( A)) = 28, then 

Table 7. The values of 161, g= E, 

Represenlation Representation 
A ,  21 n, Ar 2.6 1 7  
o-o-o-o-o-o 181 161 161 A A,  & 1s ;ia A, 

I for for for I for for for 
181 161 161 O - ~ - ~ - ~ - O - ~  

o a: EV EVI EVII 0 EV EVI EVII 

1 0 0 0 0 0  7 25 0 0 0 0 0 l  0 
o-o-o-o-o-o 

I 
0 0  

dim Y= 133 

0 l 0 0 0 0  35 
o-o-o-o-o-o 

I 
0 0  

dim V= 8645 

0 0 1 0 0 0  350 
o-o-o-o-o-o 

I 
0 0  

dim V= 365750 

0 0 0 1 0 0  0 
o-o-o-o-o-o 

I 
0 0  

dim V=?7664 

0 0 0 0 1 0  27 
o-o-o-o-o-o 

I 
0 0  

5 

59 

330 

144 

3 

o-o-o-o-o-o 
1 
0 0  

dim V-56 

221 0 0 0 0 0 0  0 
o-o-o-o-o-o 

I 
0 1  

dim V=91? 

o-o-o-o-o-o 
350 2 0 0 0 0 0  63 

0 0  
dim V=7371 

0 0 0 0 0 0 2  21 
o-o-o-o-o-o 

I 
0 0  

dim V= 1463 

27 

8 

16 

75 

55 

0 

0 

351 

53 

dim V= 1539 
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where the sum in ( 2 2 )  embraces all weight vectors p, of the representation 
1 1 0 0 0 0  
0-0-0-0-0-0 

I 
0 0  

r70=(3,0, 0, 0, 0, 0. - 1, -2) 
8 

1- I 
L + p =  111,q 

the elements hi. i= I ,  . . . , 8  have the same meaning as in theorem 4. The values of 161 
for some representations are collected in table 7. 

6. The case g = Es 

The Dynkin diagram for E8 is 

I 
0 a 2  

We shall take the roots realization from 181, that is 
L al  = i(cl -z2 - e3 - e4- eS -e6 - e, + ea) 

a2 = E, + E8 a3 = c7- cS a4 =&6 - E7 as =&s - &6 (23) 
ab =z4 -eS a7= E )  - e4 as =z2 - c3 . 

By symbol 

a c d e f g  h 
b 

denote the root p = aal + bal + ea,+ daj + ea5 + fa6 t ga, t hag. Suppose RC is a set of 
positive roots. Then 
Rt=(.ri&ejl  l<i(j<8} 

U {f(&1*~2*&~f&4*&~i&~i&77&~g)I even numb. of "-" signs}. 
By symbol 

i1 a3 na kS L~ as 
o-o-o-o-o-o-o 

I 

0 22 

denote the representation with the highest weight 

Let g,,= E VIII. Then from (2) we find, using table 4, that 
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Table 8. Card(X(h)), g=&.  
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~~ 

Representation *' " *' Card(X(2)) 

1, t ).5 4 e a. where 'I 

a, I ,  ad I ,  4 o U ,  where " 

AI 1, t l5 & o e ,  where 'I 

11 2,  L 4 e e ,  where " ' " ' ES,> fromtable I 56 

a, a, ad la E&, from table I 

1, i, L e 0 ,  where 'I " "' n, sSi2 from table I 

aI A, ;b a5 ns o O ,  where 'I " ' " E S , ,  from table I 

1, a, t ar n, e 0, where A' " " ' ES,> from table 1 

, where *I '' Is ' E S ~ ~  from table 1 n,  a, ad i.5 4 0 e 

I ,  2, t J.5 & e where " " ' ' sSII  fromtable 1 64 

A I  1, h As 4 e a,  where 'I " 

A ,  5 ad 4 n, 0 0 

AI 1, h Ir k e a. where 'I " 

II 2, t Is k o e ,  where 'I " 

I ,  I ,  ad a r  k 0 0 

Symbols e(0.n) have the same meaning as in tables I .  5.8. 

a: 

A> 2 2  

a, 4 

I >  I-. 

i2 I2 

A i  A i  

I :  I ,  

A i  hr 

22 I :  

A I  h: 

ai A, 

I* a: 

1 2  2, 

4 22 

2, A: 

a2 ai 

" ' E S , ,  from table I 

ad " Ah ES,? from table 1 

" n, E S , ~  from table I 

L o 0 ,  where " '' ad 

" 'ESX from table 1 

' ES, from table I 

" 'E&, from table 1 

" n, ES,, from table I 

*' " ES,, from table I 

'I 
, where 

120 , where 

Furthermore 

IA,(ftp) I ~21202413'958751 I213(Z(t-  

)Ap(&2. + p))  1 -2'"Cp( n(t - l)yd(x'(A1l when t+ 1. 

The foregoing proves the theorem. 

Theorem 6. Suppose g = E . ,  go = E VIII, and 
8 

/= 1 
I =  A p ,  

is the highest weight of arbitrary representation f,:E-+s1( V ) .  
If card(X(h)) = 56, then 

If card(X(A)))56, then 6 =0, where card(k(2.)) must be taken from table 8. 
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Let go = E IX. Then similarly 

Consider a representation 

1 1 0 0 0 0 0  
0-0-0-0-0-0-0 

I 
0 0  

of the algebra Es. Discussing this as in the previous cases we find all weight vectors of 
this representation. Furthermore if card(X(I)) =64, then Ixmtto,(f(k+p)) I =214. The 
foregoing proves the theorem. 

Theorem 7. Suppose g = &, go = E IX, and 

is a highest weight of arbitrary representation p:E8-+sl( V) .  

If card(X(2)) = 64, then 

Ifcard(X(l))=120, then 6=0. 
If card(X(1.)) = 56, then 

where the sum embraces all weight vectors pi of the representation 

1 1 0 0 0 0 0  
0-0-0-0-0-0- 0 

I 
0 0  

8 

j =  I 
r l o = ~ ( l l , l . l , l ,  I , ] , ] ,  - I )  A+p= 1 h,ej 

h, =f(4a1 +5a2+7a3+ ioa4+8as+6a6+4a,+2a~+46) 

h2 =;(a2 + a, + 2n, + 2a5 + 2a6 + 2a, + 2as + 12) 

h, =;(a + a, + 2n, + 2a5+ 2&+ 21,+ io) 

h4 =$(a2 + a3 + zn, + 2as + 2&+ 8 )  

h,=& + a3 + 2 k  + 4) 

h,=f(n,+ a,+ 2a4+ 2a,+ 6) 

hs=;(a2-a3). h, = ;(a2 + a, + 2) 
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Table 9. The values of 161, g= E, 

Representation Representation 
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1, i.3 1 4  15 4 2, A8 161 161 I ,  1, h n, h A, 28 161 1x1 o-o-o-o-o-o-o for for o-o-o-o-o-o-o for for 
EVIII EIX 

0 0 0 0 0 0 1  8 2 4 1 0 0 0 0 0 0  35 3 
o a2 EVIII EIX 0 1 2  

o-o-o-o-o-o-o o-o-o-o-o-o-o 
I 1 
0 0  0 0  

dim V=248 dim V=3875 

0 0 I 0 0 0 0 41888 12320 0 I 0 0 0 0 0 960 2496 
o-o-o-o-o-o-o o-o-o-o-o-o-o 

I I 
0 0  

dim V=6899079264 
0 0  

dim V= 6696000 

0 0 0 l 0 0 0  3094 17290 0 0 0 0 0 1 0 8 4  140 
o-o-o-o-o-o-o o-o-o-o-o-o-o 

I I 
0 0  

dim V= 146325270 
0 0  

dim V-30380 

0 0 0 0 1 0 0  832 1216 0 0 0 0 0 0 0 50 494 
o-o-o-o-o-o-o o-o-o-o-o-o-o 

I I 
0 0  0 1  

dim V=2450240 dim V= 147250 

The values of I SI for some representations are collected in table 9. 
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